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�Paradoxically, physicists claim that gravity is
the weakest of the fundamental forces.�

Prof. Hallstein Hłgåsen� after having fallen
from a ladder and breaking both his arms

Preface

Many of us have experienced the same, fallen and broken something. Yet,
supposedly, gravity is the weakest of the fundamental forces. It is claimed to
be 10¡15 times weaker than electromagnetism. But still, every one of us have
more or less a personal relationship with gravity. Gravity is something which
we have to consider every day. Whenever we loose something on the �oor
and whenever we pour something in a cup, gravity is an active participant.
Hadn’t it been for gravity, we could not have done anything of the above.
Thus gravity is part of our everyday-life.

This is basically what this book is about; gravity. We will try to convey the
concepts of gravity to the reader as Albert Einstein saw it. Einstein saw upon
gravity as nobody else before him had seen it. He saw upon gravity as curved
spaces, four-dimensional manifolds and geodesics. All of these concepts will
be presented in this book.

The book offers a rigorous introduction to Einstein’s general theory of rel-
ativity. We start out from the �rst principles of relativity and present to Ein-
stein’s theory in a self-contained way.

After introducing Einstein’s �eld equations, we go onto the most impor-
tant chapter in this book which contains the three classical tests of the theory
and introduces the notion of black holes. Recently, cosmology has also proven
to be a very important testing arena for the general theory of relativity. We
have thus devoted a large part to this subject. We introduce the simplest mod-
els decribing an evolving universe. In spite of their simpleness they can say
quite a lot about the universe we live in. We include the cosmological con-
stant and explain in detail the �standard model� in cosmology. After the main
issues have been presented we introduce an anisotropic universe model and
explain some of it features. Unless one just accepts the cosmological princi-
ples as a fact, one is unavoidably led to the study of such anisotropic universe
models. As an introductory course in general relativity, it is suitable to stop
after �nishing the chapters with cosmology.

For the more experienced reader, or for people eager to learn more, we
have included a part called �Advanced Topics�. These topics have been cho-
sen by the authors because they present topics that are important and that
have not been highlighted elsewhere in textbooks. Some of them are on the
very edge of research, others are older ideas and topics. In particular, the last
two chapters deal with Einstein gravity in �ve dimensions which has been a
hot topic of research the recent years.

All of the ideas and matters presented in this book have one thing in com-
mon: they are all based on Einstein’s classical idea of gravity. We have not
considered any quantum mechanics in our presentation, with one exception:
black hole thermodynamics. Black hole thermodynamics is a quantum fea-
ture of black holes, but we chose to include it because the study of black holes
would have been incomplete without it.

There are several people who we wish to thank. First of all, we would
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like to thank Finn Ravndal who gave a thorough introduction to the theory of
relativity in a series of lectures during the late seventies. This laid the founda-
tion for further activity in this �eld at the University of Oslo. We also want to
thank Ingunn K. Wehus and Peter Rippis for providing us with a copy of their
theses [Weh01, Rip01], and to Svend E. Hjelmeland for computerizing some
of the notes in the initial stages of this book. Furthermore, the kind efforts
of Kevin Reid, Jasbir Nagi, James Lucietti, Håvard Alnes, Torquil MacDonald
Słrensen who read through the manuscript and pointed out to us numerous
errors, typos and grammatical blunders, are gratefully acknowledged.

ØYVIND GRØN
Oslo, Norway

SIGBJØRN HERVIK
Cambridge, United Kingdom



Notation

We have tried to be as homogeneous as possible when it comes to notation
in this book. There are some exceptions, but as a general rule we use the
following notation.

Because of the large number of equations, the most important equations
are boxed, like this:

E = mc2:

All tensors, including vectors and forms, are written in bold typeface. A gen-
eral tensor usually has a upper case letter, late in the alphabet. T is a typical
tensor. Vectors, are usually written in two possible ways. If it is more natural
to associate the vector as a tangent vector of some curve, then we usually use
lower case bold letters like u or v. If the vectors are more naturally associated
with a vector �eld, then we use upper case bold letters, like A or X. How-
ever, naturally enough, this rule is the most violated concerning the notation
in this book. Forms have Greek bold letters, i.e. ! is typical form. All the
components of tensors, vectors and forms, have ordinary math italic fonts.

Matrices are written in sans serif, i.e. like M. The determinants are written
in the usual math style: det(M) = M . A typical example is the metric tensor,
g. In the following notation we have:

g : The metric tensor itself.

g„” : The components of the metric tensor.

g : The matrix made up of g„” .

g : The determinant of the metric tensor, g = det(g).

The metric tensor comes in many guises, each one is useful for different pur-
poses.

Also, for the signature of the metric tensor, the (¡ + ++)-convention is
used. Thus the time direction has a ¡ while the spatial directions all have +.

The abstract index notation

One of the most heavily used notation, both in this book and in the physics
literature in general, is the abstract index notation. So it is best that we get
this sorted out as early as possible. As a general rule, repeated indices means
summation! For example,

fi„fl„ ·
X

„

fi„fl„

where the sum is over the range of the index „. Furthermore, the type of index,
can make a difference. Greek indices usually run over the spacetime manifold,
starting with 0 as the time component. Latin indices are usually associated to
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a hypersurface or the spatial geometry. They start with 1 and run up to the
dimension of the manifold. Hence, if we are in the usual four-dimensional
space-time, then „ = 0; :::; 3, while i = 1; :::; 3. But no rule without exceptions,
also this rule is violated occasionally. Also, indices inside square brackets,
means the antisymmetrical combination, while round brackets means sym-
metric part. For example,

T[„”] ·
1

2
(T„” ¡ T”„)

T(„”) · 1

2
(T„” + T”„) :

Whenever we write the indices between two vertical lines, we mean that the
indices shall be well ordered. For a set, „1„2:::„p, to be well ordered means
that „1 • „2 • ::: • „p. Thus an expression like,

T„”S
j„”j

means that we shall only sum over indices where „ • ”. We usually use this
notation when Sj„”j is antisymmetric, which avoids the over-counting of the
linearly dependent components.

The following notation is also convenient to get straight right away. Here,
A„:::” is an arbitrary tensor (it may have indices upstairs as well).

efi (A„:::”) = A„:::”;fi Partial derivative
rfiA„:::” = A„:::”;fi Covariant derivative
$X Lie derivative with respect toX
d Exterior derivative operator
dy Codifferential operator
? Hodge’s star operator
⁄ Covariant Laplacian
› Tensor product
^ Wedge product, or exterior product



Part I

INTRODUCTION:
NEWTONIAN PHYSICS AND

SPECIAL RELATIVITY



1
Relativity Principles and Gravitation

To obtain a mathematical description of physical phenomena, it is advanta-
geous to introduce a reference frame in order to map the position of events in
space and time. The choice of reference frame has historically depended upon
the view of human beings of their position in the Universe.

1.1 Newtonian mechanics

When describing physical phenomena on Earth, it is natural to use a coordi-
nate system with origin at the center of the Earth. This coordinate system is,
however, not ideal for the description of the motion of the planets around the
Sun. A coordinate system with origin at the center of the Sun is more natural.
Since the Sun moves around the center of the galaxy, there is nothing special
about a coordinate system with origin at the Sun’s center. This argument can
be continued ad in�nitum.

The fundamental reference frame of Newton is called ‘absolute space’. The
geometrical properties of this space are characterized by ordinary Euclidean
geometry. This space can be covered by a Cartesian coordinate system. A
non-rotating reference frame at rest, or moving uniformly in absolute space
is called a Galilean reference frame. With chosen origin and orientation, the
system is �xed. Newton also introduced a universal time which proceeds at
the same rate at all positions in space.

Relative to a Galilean reference frame, all mechanical systems behave ac-
cording to Newton’s three laws.

Newton’s 1st law: Free particles move with constant velocity

u =
dr

dt
= constant

where r is a position vector.
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Newton’s 2nd law: The acceleration a = du=dt of a particle is proportional
to the force F acting on it

F = mi
du

dt
(1.1)

where mi is the inertial mass of the particle.

Newton’s 3rd law: If particle 1 acts on particle 2 with a force F12, then 2 acts
on 1 with a force

F21 = ¡F12:

The �rst law can be considered as a special case of the second with F =
0. Alternatively, the �rst law can be thought of as restricting the reference
frame to be non-accelerating. This is presupposed for the validity of Newton’s
second law. Such reference frames are called inertial frames.

1.2 Galilei�Newton’s principle of Relativity

Let § be a Galilean reference frame, and §0 another Galilean frame moving
relative to § with a constant velocity v (see Fig. 1.1).

���

�

�� � �

Figure 1.1: Relative translational motion

We may think of a reference frame as a set of reference particles with given
motion. A comoving coordinate system in a reference frame is a system in which
the reference particles of the frame have constant spatial coordinates.

Let (x; y; z) be the coordinates of a comoving system in §, and (x0; y0; z0)
those of a comoving system in §0. The reference frame § moves relative to §0

with a constant velocity v along the x-axis. A point with coordinates (x; y; z)
in § has coordinates

x0 = x¡ vt; y0 = y; z0 = z (1.2)

in §0, or
r0 = r¡ vt: (1.3)

An event at an arbitrary point happens at the same time in § and §0,

t0 = t: (1.4)

The space coordinate transformations (1.2) or (1.3) with the trivial time trans-
formation (1.4) are called the Galilei-transformations.

If the velocity of a particle is u in §, then it moves with a velocity

u0 =
dr0

dt
= u¡ v (1.5)
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in §0.
In Newtonian mechanics one assumes that the inertial mass of a body is

independent of the velocity of the body. Thus the mass is the same in § as in
§0. Then the force F0, as measured in §0, is

F0 = mi
du0

dt0
= mi

du

dt
= F: (1.6)

The force is the same in §0 as in §. This result may be expressed by saying that
Newton’s 2nd law is invariant under a Galilei transformation; it is written in
the same way in every Galilean reference frame.

All reference frames moving with constant velocity are Galilean, so New-
ton’s laws are valid in these frames. Every mechanical system will therefore
behave in the same way in all Galilean frames. This is the Galilei�Newton prin-
ciple of relativity.

It is dif�cult to �nd Galilean frames in our world. If, for example, we
place a reference frame on the Earth, we must take into account the rotation
of the Earth. This reference frame is rotating, and is therefore not Galilean.
In such non-Galilean reference frames free particles have accelerated motion.
In Newtonian dynamics the acceleration of free particles in rotating reference
frames is said to be due to the centrifugal force and the Coriolis force. Such
forces, that vanish by transformation to a Galilean reference frame, are called
‘�ctitious forces’.

A simple example of a non-inertial reference frame is one that has a con-
stant acceleration a. Let §0 be such a frame. If the position vector of a particle
is r in §, then its position vector in §0 is

r0 = r¡ 1

2
at2 (1.7)

where it is assumed that §0 was instantaneously at rest relative to § at the
point of time t = 0. Newton’s 2nd law is valid in §, so that a particle which is
acted upon by a force F in § can be described by the equation

F = mi
d2r

dt2
= mi

µ
d2r0

dt2
+ a

¶
: (1.8)

If this is written as

F0 = F¡mia = mi
d2r0

dt2
(1.9)

we may formally use Newton’s 2nd law in the non-Galilean frame §0. This
is obtained by a sort of trick, namely by letting the �ctitious force act on the
particle in addition to the ordinary forces that appear in a Galilean frame.

1.3 The principle of Relativity

At the beginning of this century Einstein realised that Newton’s absolute space
is a concept without physical content. This concept should therefore be re-
moved from the description of the physical world. This conclusion is in accor-
dance with the negative result of the Michelson�Morley experiment [MM87].
In this experiment one did not succeed in measuring the velocity of the Earth
through the so-called ‘ether’, which was thought of as a ‘materialization’ of
Newton’s absolute space.
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However, Einstein retained, in his special theory of relativity, the Newto-
nian idea of the privileged observers at rest in Galilean frames that move with
constant velocities relative to each other. Einstein did, however, extend the
range of validity of the equivalence of all Galilean frames. While Galilei and
Newton had demanded that the laws of mechanics are the same in all Galilean
frames, Einstein postulated that all the physical laws governing the behavior of the
material world can be formulated in the same way in all Galilean frames. This is Ein-
stein’s special principle of relativity. (Note that in the special theory of relativity
it is usual to call the Galilean frames ‘inertial frames’. However in the gen-
eral theory of relativity the concept ‘inertial frame’ has a somewhat different
meaning; it is a freely falling frame. So we will use the term Galilean frames
about the frames moving relative to each other with constant velocity.)

Applying the Galilean coordinate transformation to Maxwell’s electromag-
netic theory, one �nds that Maxwell’s equations are not invariant under this
transformation. The wave-equation has the standard form, with isotropic ve-
locity of electromagnetic waves, only in one ‘preferred’ Galilean frame. In
other frames the velocity relative to the ‘preferred’ frame appears. Thus Max-
well’s electromagnetic theory does not ful�l Galilei�Newton’s principle of rel-
ativity. The motivation of the Michelson�Morley experiment was to measure
the velocity of the Earth relative to the ‘preferred’ frame.

Einstein demanded that the special principle of relativity should be valid
also for Maxwell’s electromagnetic theory. This was obtained by replacing the
Galilean kinematics by that of the special theory of relativity (see Ch. 2), since
Maxwell’s equations and Lorentz’s force law is invariant under the Lorentz
transformations. In particular this implies that the velocity of electromagnetic
waves, i.e. of light, is the same in all Galilean frames, c = 299 792:5 km=s …
3:00£ 108 m=s.

1.4 Newton’s law of Gravitation

Until now we have neglected gravitational forces. Newton found that the
force between two point masses M and m at a distance r is given by

F = ¡GMm

r3
r: (1.10)

This is Newton’s law of gravitation. Here G is Newton’s gravitational constant,
G = 6:67 £ 10¡11m3=kg s2. The gravitational force on a point mass m at a
position r due to many point massesM1;M2; : : : ;Mn at positions r01; r02; : : : ; r0n
is given by the superposition

F = ¡mG
nX

i=1

Mi

jr¡ r0ij3
(r¡ r0i): (1.11)

A continuous distribution of mass with density ‰(r0) so that dM = ‰(r0)d3r0

thus gives rise to a gravitational force at P (see Fig. 1.2)

F = ¡mG
Z
‰(r)

r¡ r0
jr¡ r0j3 d

3r0: (1.12)

Here r0 is associated with positions in the mass distribution, and r with the
position P where the gravitational �eld is measured.
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Figure 1.2: Gravitational �eld from a continuous mass distribution.

The gravitational potential `(r) at the �eld point P is de�ned by

F = ¡mr`(r): (1.13)

Note that the r operator acts on the coordinates of the �eld point, not of the
source point.

Calculating `(r) from Eq. (1.12) it will be useful to introduce Einstein’s sum-
mation convention. For arbitrary a and b one has

ajbj ·
nX

j=1

ajbj (1.14)

where n is the range of the indices j.
We shall also need the Kronecker symbol de�ned by

–ij =

‰
1 when i = j
0 when i 6= j:

(1.15)

The gradient of jr¡ r0j¡1 may now be calculated as follows

r
1

jr¡ r0j = ei
@

@xi

h
(xj ¡ xj 0)(xj ¡ xj 0)

i¡1=2

= ¡ei
(xj ¡ xj 0)@xj@xi£

(xj ¡ xj 0)(xj ¡ xj 0)
⁄3=2 = ¡ei

(xj ¡ xj 0)–ij
jr¡ r0j3

= ¡ (xi ¡ xi0)ei
jr¡ r0j3 = ¡ (r¡ r0)

jr¡ r0j3 : (1.16)

Comparing with Eqs. (1.12) and (1.13) we see that

`(r) = ¡G
Z
‰(r0)

1

jr¡ r0jd
3r0: (1.17)

When characterizing the mass distribution of a point mass mathematically,
it is advantageous to use Dirac’s –-function. This function is de�ned by the
following requirements

–(r¡ r0) = 0; r0 6= r (1.18)

and Z

V

f(r)–(r¡ r0)d3r0 =
‰
f(r); r0 = r is inside V
0; r0 = r is outside V: (1.19)
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A point mass M at a position r0 = r0 represents a mass density

‰(r0) =M–(r0 ¡ r0): (1.20)

Substitution into Eq. (1.17) gives the potential of the point mass

`(r) = ¡ GM

jr¡ r0j
: (1.21)

1.5 Local form of Newton’s Gravitational law

Newton’s law of gravitation cannot be a relativistically correct law, because it
permits action at a distance. A point mass at one place may then act instanta-
neously on a point mass at another remote position. According to the special
theory of relativity, instantaneous action at a distance is impossible. An action
which is instantaneous in one reference frame, is not instantaneous in another
frame, moving with respect to the �rst. This is due to the relativity of simul-
taneity (see Ch. 2). Instantaneous action at a distance can only exist in a theory
with absolute simultaneity. As a �rst step towards a relativistically valid theory
of gravitation, we shall give a local form of Newton’s law of gravitation.

We shall now show how Newton’s law of gravitation leads to a �eld equa-
tion for gravity. Consider a continuous mass-distribution ‰(r0). Equations (1.16)
and (1.17) lead to

r`(r) = G

Z
‰(r0)

(r¡ r0)
jr¡ r0j3 d

3r0; (1.22)

which gives

r2`(r) = G

Z
‰(r0)r ¢ (r¡ r

0)

jr¡ r0j3 d
3r0: (1.23)

Furthermore

r ¢ (r¡ r
0)

jr¡ r0j3 =
r ¢ r
jr¡ r0j3 + (r¡ r0) ¢r 1

jr¡ r0j3

=
3

jr¡ r0j3 + (r¡ r0) ¢
µ
¡3 r¡ r

0

jr¡ r0j5
¶

= 0; r 6= r0: (1.24)

In general the volume of integration encompasses the point r0 = r where the
�eld is measured. Thus, we have to �nd an expression for r ¢ (r¡ r0)=jr¡ r0j3
which is also valid at this point. Equation (1.24) indicates that r ¢ (r¡ r0)=jr¡ r0j3
is proportional to Dirac’s –-function. According to Eq. (1.19) the proportional-
ity factor can be found by calculating the integral

R
r ¢ (r¡ r0)=jr¡ r0j3d3r0.

Using Gauss’ integral theorem
Z

V

r ¢Ad3r0 =
I

S

A ¢ dS0 (1.25)

where S is the surface enclosing V , we get
Z

V

r ¢ r¡ r
0

jr¡ r0j3 d
3r0 =

I

S

r¡ r0
jr¡ r0j3 ¢ dS

0: (1.26)

Note that the gradientr` in Eq. (1.22) is directed away from the source. Thus
the divergence of this vector in Eq. (1.23) must be positive. The direction of
the surface element dS0 in Fig. 1.3 is chosen to satisfy this criterion.
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Figure 1.3: De�nition of surface elements

With reference to Fig. 1.3 the solid angle element d› is de�ned by

d› = ¡ dS?
jr¡ r0j2 (1.27)

where

dS? =
r¡ r0
jr¡ r0j ¢ dS

0: (1.28)

It follows that

d› = ¡ r¡ r0
jr¡ r0j3 ¢ dS

0 (1.29)

and Z

V

r ¢ r¡ r
0

jr¡ r0j3 d
3r0 =

Z
d› =

‰
4…; P inside V
0; P outside V (1.30)

Thus we get

r ¢ r¡ r
0

jr¡ r0j3 = 4…–(r¡ r0): (1.31)

Substituting this into Eq. (1.23) and using Eq. (1.19) with f(r) = 1 we have

r2`(r) = 4…G‰(r): (1.32)

This Poisson equation is the local form of Newton’s law of gravitation. New-
ton’s 2nd law applied to a particle falling freely in a gravitational �eld gives
the acceleration of gravity

g = ¡r`: (1.33)

Newton’s theory of gravitation can now be summarized in the following way:
Mass generates a gravitational �eld according to Poisson’s equation, and the gravita-
tional �eld generates acceleration according to Newton’s second law.
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1.6 Tidal forces

A tidal force is caused by the difference in the gravitational forces acting on
two neighbouring particles in a gravitational �eld. The tidal force is due to
the inhomogeneity of a gravitational �eld.

�

�� 

!
"

��#

Figure 1.4: Tidal forces

In Fig. 1.4 two points have a separation vector ‡. The position vectors
of the points 1 and 2 are r and r + ‡, respectively, where we assume that
j‡j ¿ jrj. The gravitational forces on two equal masses m at 1 and 2 are F(r)
and F(r+‡), respectively. By means of a Taylor expansion to the lowest order
in j‡j and using Cartesian coordinates, we get for the i-component of the tidal
force

fi = Fi(r+ ‡)¡ Fi(r) = ‡i

µ
@Fj
@xj

¶

r

: (1.34)

The corresponding vector equation is

f = (‡ ¢r)r F: (1.35)

Given
F = ¡mr` (1.36)

the tidal force may be expressed in terms of the gravitational potential

f = ¡m (‡ ¢r)
r
r`: (1.37)

It follows that the i-component of the relative acceleration of the particles in
Cartesian coordinates is

d2‡i
dt2

= ¡
µ

@2`

@xi@xj

¶

r

‡j : (1.38)

Example 1.1 (Tidal forces on two particles)Examples
Let us �rst consider the case with vertical distance vector. We introduce a small Carte-
sian coordinate system at a distance R from a mass M

If we place a particle of mass m at a point (0; 0; z), it will, according to Eq. (1.10),
be acted upon by a force

Fz(z) = ¡m
GM

(R+ z)2
(1.39)

while an identical particle at the origin will be acted upon by a force

Fz(0) = ¡m
GM

R2
: (1.40)
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Figure 1.5: Tidal force between vertically separated particles

If the coordinate system is falling freely together with the particles towards M , an
observer at the origin will say that the particle at (0; 0; z) is acted upon by a force
(assuming that z ¿ R)

fz = Fz(z)¡ Fz(0) = 2mz
GM

R3
(1.41)

directed away from the origin, along the positive z-axis.
In the same way one �nds that particles at the points (x; 0; 0) and at (0; y; 0) are

attracted towards the origin by tidal forces

fx = ¡mxGM
R3

and fy = ¡myGM
R3

: (1.42)

Eqs. (1.41) and (1.42) have among others the following consequence. If an elastic
circular ring is falling freely in the gravitational �eld of the Earth, as shown in Fig. 1.6,
it will be stretched in the vertical direction and compressed in the horizontal direction.

Figure 1.6: Deformation due to tidal forces

In general, tidal forces cause changes of shape.

Example 1.2 (Flood and ebb on the Earth)
The tidal forces from the Sun and the Moon cause �ood and ebb on the Earth. Let M

be the mass of the Moon (or the Sun).
The potential in the gravitational �eld of M at a point P on the surface of the Earth

is (see Fig. 1.7)

`(r) = ¡ GM

(D2 +R2 ¡ 2RD cos µ)1=2
(1.43)
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Figure 1.7: Tidal forces from the Moon on a point P on the Earth

where R is the radius of the Earth, and D the distance from the center of the Moon (or
Sun) to the center of the Earth. Making a series expansion to 2nd order in R=D we get

` = ¡GM
D

µ
1 +

R

D
cos µ ¡ 1

2

R2

D2
+

3

2

R2

D2
cos2 µ

¶
: (1.44)

If the gravitational �eld of the Moon (and the Sun) was homogeneous near the Earth,
there would be no tides. At an arbitrary position P on the surface of the Earth the
acceleration of gravity in the �eld of the Moon, would then be the same as at the center
of the Earth

gMoon = ¡jr`1j =
GM

D2
(1.45)

where `1 = ¡GM=D is the �rst term of Eq. (1.44). The height difference between the
point P and the center of the Earth in the gravitational �eld of the Moon, is ¢H =
R cos µ. The ‘reference potential’ of P representing the potential of P if there were no
tides, is

`2 = `1 ¡ gMoon¢H = ¡GM
D

µ
1 +

R

D
cos µ

¶
: (1.46)

The tidal potential `T is the difference between the actual potential at P , given in
Eq. (1.43) or to second order in R=D by Eq. (1.44), and the reference potential,

`T = `¡ `2 …
GMR2

2D3
¡
1¡ 3 cos2 µ

¢
: (1.47)

A water particle at the surface of the Earth is acted upon also by the gravitational
�eld of the Earth. Let g be the acceleration of gravity at P . If the water is in static
equilibrium, the surface of the water represents an equipotential surface, given by

gh+
GMR2

2D3
¡
1¡ 3 cos2 µ

¢
= constant: (1.48)

This equation gives the height of the water surface as a function of the angle µ. The
difference between �ood at µ = 0 and ebb at µ = …=2, is

¢h =
3GMR2

2D2g
: (1.49)

Inserting numerical data for the Moon and the Sun gives¢hMoon = 0:53m and¢hSun =

0:23 m.

Example 1.3 (A tidal force pendulum)
Two particles each with mass m are connected by a rigid rod of length 2‘. The system

is free to oscillate in any vertical plane about its center of mass. The mass of the rod is
negligible relative to m. The pendulum is at a distance R from the center of a spherical
distribution of matter with mass M (Fig. 1.8).

The oscillation of the pendulum is determined by the equation of motion

j‘£ (F1 ¡ F2)j = Iµ̃ (1.50)
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Figure 1.8: Geometry of a tidal force pendulum

where I = 2m‘2 is the moment of inertia of the pendulum.
By Newton’s law of gravitation

F1 = ¡GMm
R+ ‘

jR+ ‘j3 ; F2 = ¡GMm
R¡ ‘
jR¡ ‘j3 : (1.51)

Thus
GMmj‘£Rj(jR¡ ‘j¡3 ¡ jR+ ‘j¡3) = 2m‘2µ̃: (1.52)

From Fig. 1.8 it is seen that
j‘£Rj = ‘R sin µ: (1.53)

It is now assumed that ‘¿ R. Then we have, to �rst order in ‘=R,

jR¡ ‘j¡3 ¡ jR+ ‘j¡3 = 6‘

R4
cos µ: (1.54)

The equation of motion of the pendulum now takes the form

2µ̃ +
3GM

R3
sin 2µ = 0: (1.55)

This is the equation of motion of a simple pendulum in the variable 2µ, instead of
as usual with µ as variable. The equation shows that the pendulum oscillates about
a vertical equilibrium position. The reason for 2µ instead of the usual µ, is that the
tidal pendulum is invariant under a change µ ! µ + …, while the simple pendulum is
invariant under a change µ ! µ + 2….

Assuming small angular displacements leads to

µ̃ +
3GM

R3
µ = 0:

This is the equation of a harmonic oscillator with period

T = 2…

µ
R3

3GM

¶1=2
:

Note that the period of the tidal force pendulum is independent of its length. This
means that tidal forces can be observed on systems of arbitrarily small size. Also, from
the equation of motion it is seen that in a uniform �eld, where F1 = F2, the pendulum
does not oscillate.

The acceleration of gravity at the position of the pendulum is g = GM=R2, so that
the period of the tidal pendulum may be written

T = 2…

µ
R

3g

¶1=2
:
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The mass of a spherical body with mean density ‰ is M = (4…=3)‰R3, which gives for
the period of a tidal pendulum at its surface

T =

µ
…G

‰

¶1=2
:

Thus the period depends only upon the density of the body. For a pendulum at the
surface of the Earth the period is about 50 minutes. The region in spacetime needed in
order to measure the tidal force is not arbitrarily small.

1.7 The principle of equivalence

Galilei experimentally investigated the motion of freely falling bodies. He
found that they moved in the same way, regardless of mass and of composi-
tion.

In Newton’s theory of gravitation, mass appears in two different ways:

1. in the law of gravitation as gravitational mass, mg;

2. in Newton’s 2nd law as inertial mass, mi.

The equation of motion of a freely falling particle in the gravity �eld of a
spherical body with gravitational mass M takes the form

d2r

dt2
= ¡mg

mi

M

r3
r: (1.56)

The result of Galilei’s observations, and subsequent measurements that veri-
�ed his observations, is that that the quotient of gravitational and inertial mass
is the same for all bodies. With a suitable choice of units we obtain

mg = mi: (1.57)

Measurements performed by the Hungarian baron Eötvös at the turn of the
century, indicated that this equality holds with an accuracy better than 10¡8.
Recent experiments have given the result jmi ¡mgj=mi < 9£ 10¡33.

Einstein assumed the exact validity of Eq. (1.57) for all kinds of particles.
He did not consider this a coincidence, but rather as an expression of a funda-
mental principle, the principle of equivalence.

A consequence of this universality of free fall is the possibility of removing
the effect of a gravitational force by being in free fall. In order to clarify this,
Einstein considered a homogeneous gravitational �eld in which the acceler-
ation of gravity, g, is independent of the position. In a freely falling, non-
rotating reference frame in this �eld, all free particles move according to

mi
d2r0

dt2
= (mg ¡mi)g = 0 (1.58)

where Eqs. (1.6) and (1.57) have been used.
This means that an observer in such a freely falling reference frame will

say that the particles around him are not acted upon by any forces. They
move with constant velocities along straight paths. In the general theory of
relativity such a reference frame is said to be inertial.
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Einstein’s heuristic reasoning also suggested full equivalence between Galilean
frames in regions far from mass distributions, where there are no gravita-
tional �elds, and inertial frames falling freely in a gravitational �eld. Due to
this equivalence, the Galilean frames of the special theory of relativity, which
presupposes a spacetime free of gravitational �elds, shall hereafter be called
inertial reference frames. In the relativistic literature the implied strong prin-
ciple of equivalence has often been interpreted to mean the physical equiva-
lence between freely falling frames and unaccelerated frames in regions free of
gravitational �elds. This equivalence has a local validity; it is concerned with
measurements in the freely falling frames, restricted in duration and spatial
extension so that tidal effects cannot be measured.

The principle of equivalence has also been interpreted in ‘the opposite
way’. An observer at rest in a homogeneous gravitational �eld, and an ob-
server in an accelerated reference frame in a region far from any mass-distri-
bution, will obtain identical results when they perform similar experiments.
The strong equivalence principle states that locally the behaviour of matter in an
accelerated frame of reference cannot be distinguished from its behaviour in a cor-
responding gravitational �eld. Again, there is a local equivalence in an inho-
mogeneous gravitational �eld. The equivalence is manifest inside spacetime
regions restricted so that the inhomogeneity of the gravitational �eld cannot
be measured. An inertial �eld caused by the acceleration or rotation of the reference
frame is equivalent to a gravitational �eld caused by a mass-distribution (as far as
tidal effects can be ignored). The strong equivalence principle is usually elevated
to a global equivalence of all spacetime points so that the result of any local
test-experiment (non-gravitational or gravitational) is independent of where
and when it is performed.

1.8 The covariance principle

The principle of relativity is a physical principle. It is concerned with physical
phenomena. It motivates the introduction of a formal principle called the co-
variance principle: the equations of a physical theory shall have the same form
in every coordinate system.

This principle may be ful�lled by every theory by writing the equations in
an invariant form. This form is obtained by only using spacetime tensors in
the mathematical formulation of the theory.

The covariance principle and the equivalence principle may be used to
obtain a description of what happens in the presence of gravity. We start with
the physical laws as formulated in the special theory of relativity. The laws
are then expressed in a covariant way by writing them as tensor equations.
They are then valid in an arbitrary accelerated system, but the inertial �eld
(‘�ctitious force’) in the accelerated frame is equivalent to a non-vanishing
acceleration of gravity. One has thereby obtained a description valid in the
presence of a gravitational �eld (as far as non-tidal effects are concerned).

In general, the tensor equations have a coordinate independent form. Yet,
such covariant equations need not ful�l the principle of relativity. A physi-
cal principle, such as the principle of relativity, is concerned with observable
relationships. When one is going to deduce the observable consequences of
an equation, one has to establish relations between the tensor-components of
the equation and observable physical quantities. Such relations have to be
de�ned, they are not determined by the covariance principle.
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From the tensor equations, which are covariant, and the de�ned relations
between the tensor components and the observable physical quantities, one
can deduce equations between physical quantities. The special principle of
relativity demands that these equations must have the same form in every
Galilean reference frame.

The relationships between physical quantities and mathematical objects
such as tensors (vectors) are theory-dependent. For example, the relative ve-
locity between two bodies is a vector within Newtonian kinematics. In the
relativistic kinematics of four-dimensional spacetime, an ordinary velocity
which has only three components, is not a vector. Vectors in spacetime, called
4-vectors, have four components.

Equations between physical quantities are not covariant in general. For
example, Maxwell’s equations in three-vector form are not invariant under
a Lorentz transformation. When these equations are written in tensor-form,
they are invariant under a Lorentz-transformation, and all other coordinate
transformations.

If all equations in a theory are tensor equations, the theory is said to be
given a manifestly covariant form. A theory that is written in a manifestly
covariant form will automatically ful�l the covariance principle, but it need
not ful�l the principle of relativity.

1.9 Mach’s principle

Einstein wanted to abandon Newton’s idea of an absolute space. He was at-
tracted by the idea that all motion is relative. This may sound simple, but it
leads to some highly non-trivial and fundamental questions.

Imagine that the universe consists of only two particles connected by a
spring. What will happen if the two particles rotate about each other? Will the
string be stretched due to centrifugal forces? Newton would have con�rmed
that this is indeed what will happen. However, when there is no longer any
absolute space that the particles can rotate relatively to, the answer is not as
obvious. To observers rotating around stationary particles, the string would
not appear to stretch. This situation is, however, kinematically equivalent to
the one with rotating particles and observers at rest, which presumably leads
to stretching.

Such problems led Mach to the view that all motion is relative. The motion
of a particle in an empty universe is not de�ned. All motion is motion relative
to something else, i.e. relative to other masses. According to Mach this implies
that inertial forces must be due to a particle’s acceleration relative to the great
masses of the universe. If there were no such cosmic masses, there would
exist no inertial forces. In our string example, if there were no cosmic masses
that the particles could rotate relatively to, there would be no stretching of the
string.

Another example makes use of a turnabout. If we stay on this while it
rotates, we feel that the centrifugal force leads us outwards. At the same time
we observe that the heavenly bodies rotate.

Einstein was impressed by Mach’s arguments, which likely in�uenced Ein-
stein’s construction of the general theory of relativity. Yet it is clear that gen-
eral relativity does not ful�l all requirements set by Mach’s principle. There
exist, for example, general relativistic, rotating cosmological models, where
free particles will tend to rotate relative to the cosmic mass of the model.
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Some Machian effects have been shown to follow from the equations of the
general theory of relativity. For example, inside a rotating, massive shell the
inertial frames, i.e. the free particles, are dragged around, and tend to rotate in
the same direction as the shell. This was discovered by Lense and Thirring in
1918 and is called the Lense�Thirring effect. More recent investigations of this
effect by D. R. Brill and J. M. Cohen [BC66] and others, led to the following
result:

A massive shell with radius equal to its Schwarzschild radius [see
Ch. 10] has often been used as an idealized model of our universe.
Our result shows that in such models local inertial frames near the
center cannot rotate relatively to the mass of the universe. In this
way our result gives an explanation, in accordance with Mach’s
principle, of the fact that the ‘�xed stars’ are at rest on heaven as
observed from an inertial reference frame.

It is clear to some extent that local inertial frames are determined by the distri-
bution and motion of mass in the Universe, but in Einstein’s General Theory
of Relativity one cannot expect that matter alone determines the local inertial
frames. The gravitational �eld itself, e.g. in the form of gravitational waves,
may play a signi�cant role.

Problems

1.1. The strength of gravity compared to the Coulomb force

(a) Determine the difference in strength between the Newtonian gravita-
tional attraction and the Coulomb force of the interaction of the proton
and the electron in a hydrogen atom.

(b) What is the gravitational force of attraction of two objects of 1 kg at a
separation of 1 m. Compare with the corresponding electrostatic force of
two charges of 1 C at the same distance.

(c) Compute the gravitational force between the Earth and the Sun. If the at-
tractive force was not gravitational but caused by opposite electric charges,
then what would the charges be?

1.2. Falling objects in the gravitational �eld of the Earth

(a) Two test particles are in free fall towards the centre of the Earth. They
both start from rest at a height of 3 Earth radii and with a horizontal
separation of 1 m. How far have the particles fallen when the distance
between them is reduced to 0:5 m?

(b) Two new test particles are dropped from the same height with a time sep-
aration of 1 s. The �rst particle is dropped from rest. The second particle
is given an initial velocity equal to the instantaneous velocity of the �rst
particle, and it follows after the �rst one in the same trajectory. How far
and how long have the particles fallen when the distance between them
is doubled?

1.3. Newtonian potentials for spherically symmetric bodies

(a) Calculate the Newtonian potential `(r) for a spherical shell of matter.
Assume that the thickness of the shell is negligible, and the mass per unit
area, ¾, is constant on the spherical shell. Find the potential both inside
and outside the shell.
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(b) Let R and M be the radius and the mass of the Earth. Find the potential
`(r) for r < R and r > R. The mass-density is assumed to be constant
for r < R. Calculate the gravitational acceleration on the surface of the
Earth. Compare with the actual value of g = 9:81m=s2 (M = 6:0 ¢ 1024kg
and R = 6:4 ¢ 106m).

(c) Assume that a hollow tube has been drilled right through the center of
the Earth. A small solid ball is then dropped into the tube from the sur-
face of the Earth. Find the position of the ball as a function of time. What
is the period of the oscillations of the ball?

(d) We now assume that the tube is not passing through the centre of the
Earth, but at a closest distance s from the centre. Find how the period
of the oscillations vary as a function of s. Assume for simplicity that the
ball is sliding without friction (i.e. no rotation) in the tube.

1.4. The Earth-Moon system

(a) Assume that the Earth and the Moon are point objects and isolated from
the rest of the Solar system. Put down the equations of motion for the
Earth-Moon system. Show that there is a solution where the Earth and
Moon are moving in perfect circular orbits around their common centre
of mass. What is the radii of the orbits when we know the mass of the
Earth and the Moon, and the orbital period of the Moon?

(b) Find the Newtonian potential along the line connecting the two bodies.
Draw the result in a plot, and �nd the point on the line where the gravi-
tational interactions from the bodies exactly cancel each other.

(c) The Moon acts with a different force on a 1 kilogram measure on the
surface of Earth, depending on whether it is closest to or farthest from
the Moon. Find the difference in these forces.

1.5. The Roche-limit
A spherical moon with a mass m and radius R is orbiting a planet with mass
M . Show that if the moon is closer to its parent planet’s centre than

r =

µ
2M

m

¶1=3

R;

then loose rocks on the surface of the moon will be elevated due to tidal effects.

1.6. A Newtonian Black Hole
In 1783 the English physicist John Michell used Newtonian dynamics and
laws of gravity to show that for massive bodies which were small enough,
the escape velocity of the bodies are larger than the speed of light. (The same
was emphasized by the French mathematician and astronomer Pierre Laplace
in 1796).

(a) Assume that the body is spherical with mass M . Find the largest radius,
R, that the body can have in order for it to be a �Black Hole�, i.e. so that
light cannot escape. Assume naively that photons have kinetic energy
1
2mc

2.

(b) Find the tidal force on two bodies m at the surface of a spherical body,
when their internal distance is ». What would the tidal force be on the
head and the feet of a 2 m tall human, standing upright, in the following
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cases. (Consider the head and feet as point particles, each weighing 5kg.)
1. The human is standing on the surface of a Black Hole with 10 times
the Solar mass.
2. On the Sun’s surface.
3. On the Earth’s surface.

1.7. Non-relativistic Kepler orbits

(a) Consider �rst the Newtonian gravitational potential ’(r) at a distance r
from the Sun to be ’(r) = ¡GMr , where M is the solar mass. Write down
the classical Lagrangian in spherical coordinates (r; µ; `) for a planet with
mass m. The Sun is assumed to be stationary.
What is the physical interpretation of the canonical momentum p` = ‘?
How can we from the Lagrangian see that it is a constant of motion? Find
the Euler-Lagrange equation for µ and show that it can be written

d

dt

µ
mr4 _µ2 +

‘2

m sin2 µ

¶
= 0: (1.59)

Show, using this equation, that the planet can be considered to move in a
plane such that at t = 0, µ = …=2 and _µ = 0.

(b) Find the Euler-Lagrange equation for r and use it to �nd r as a function
of `. Show that the bound orbits are ellipses. Of circular orbits, what is
the orbital period T in terms of the radius R?

(c) If the Sun is not completely spherical, but slightly squashed at the poles,
then the gravitational potential along the equatorial plane has to be mod-
i�ed to

’(r) = ¡GM
r
¡ Q

r3
; (1.60)

where Q is a small constant. We will assume that the planet move in the
plane where this expression is valid. Show that a circular orbit is still
possible. What is the relation between T and R in this case?

(d) Assume that the orbit deviates slightly from a circular orbit; i.e. r = R+‰,
where ‰¿ R. Show that ‰ varies periodically according to

‰ = ‰0 sin

µ
2…

T‰
t

¶
: (1.61)

Find T‰, and show that the orbit precesses slightly during each orbit.
What it the angle ¢` of precession for each orbit?
The constant Q can be written Q = 1

2J2GMR2
S where J2 is the Sun’s

quadrupole moment, and RS is the Sun’s radius. Observational data
show that J2 . 3 ¢ 10¡5. What is the maximal precession of ¢` for the
Mercurian orbit?



2
The Special Theory of Relativity

In this chapter we shall give a short introduction to to the fundamental prin-
ciples of the special theory of relativity, and deduce some of the consequences
of the theory.

The special theory of relativity was presented by Albert Einstein in 1905.
It was founded on two postulates:

1. The laws of physics are the same in all Galilean frames.

2. The velocity of light in empty space is the same in all Galilean frames
and independent of the motion of the light source.

Einstein pointed out that these postulates are in con�ict with Galilean kine-
matics, in particular with the Galilean law for addition of velocities. Accord-
ing to Galilean kinematics two observers moving relative to each other cannot
measure the same velocity for a certain light signal. Einstein solved this prob-
lem by thorough discussion of how two distant clock should be synchronized.

2.1 Coordinate systems and Minkowski-diagrams

The most simple physical phenomenon that we can describe is called an event.
This is an incident that takes place at a certain point in space and at a certain
point in time. A typical example is the �ash from a �ashbulb.

A complete description of an event is obtained by giving the position of
the event in space and time. Assume that our observations are made with
reference to a reference frame. We introduce a coordinate system into our
reference frame. Usually it is advantageous to employ a Cartesian coordinate
system. This may be thought of as a cubic lattice constructed by measuring
rods. If one lattice point is chosen as origin, with all coordinates equal to zero,
then any other lattice point has three spatial coordinates equal to the distance
of that point from the coordinate axes that pass through the origin. The spatial
coordinates of an event are the three coordinates of the lattice point at which
the event happens.
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It is somewhat more dif�cult to determine the point of time of an event. If
an observer is sitting at the origin with a clock, then the point of time when
he catches sight of an event is not the point of time when the event happened.
This is because the light takes time to pass from the position of the event to
the observer at the origin. Since observers at different positions have to make
different such corrections, it would be simpler to have (imaginary) observers
at each point of the reference frame such that the point of time of an arbitrary
event can be measured locally.

But then a new problem appears. One has to synchronize the clocks, so
that they show the same time and go at the same rate. This may be performed
by letting the observer at the origin send out light signals so that all the other
clocks can be adjusted (with correction for light-travel time) to show the same
time as the clock at the origin. These clocks show the coordinate time of the
coordinate system, and they are called coordinate clocks.

By means of the lattice of measuring rods and coordinate clocks, it is now
easy to determine four coordinates (x0 = ct; x; y; z) for every event. (We have
multiplied the time coordinate t by the velocity of light c in order that all four
coordinates have the same dimension.)

This coordinatization makes it possible to describe an event as a point P
in a so-called Minkowski-diagram. In this diagram we plot ct along the vertical
axis and one of the spatial coordinates along the horizontal axis.

In order to observe particles in motion, we may imagine that each particle
is equipped with a �ash-light, and that they �ash at a constant frequency. The
�ashes from a particle represent a succession of events. If they are plotted
into a Minkowski-diagram, we get a series of points that describe a curve in
the continuous limit. Such a curve is called a world-line of the particle. The
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Figure 2.1: World-lines

world-line of a free particle is a straight line, as shown to left of Fig. 2.1.
A particle acted upon by a net force has a curved world-line since the

velocity of the particle changes with time. Since the velocity of every mate-
rial particle is less than the velocity of light, the tangent of a world line in a
Minkowski-diagram will always make an angle less than 45– with the vertical
axis.

A �ash of light gives rise to a light-front moving onwards with the velocity
of light. If this is plotted in a Minkowski-diagram, the result is a light-cone. In
Fig. 2.1 we have drawn a light-cone for a �ash at the origin. It is obvious that
we could have drawn light-cones at all points in the diagram. An important
result is that the world-line of any particle at a point is inside the light-cone of a �ash
from that point. This is an immediate consequence of the special principle of
relativity, and is also valid locally in the presence of a gravitational �eld.
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2.2 Synchronization of clocks

There are several equivalent methods that can be used to synchronize clocks.
We shall here consider the radar method.

We place a mirror on the x-axis and emit a light signal from the origin at
time tA. This signal is re�ected by the mirror at tB , and received again by
the observer at the origin at time tC . According to the second postulate of
the special theory of relativity, the light moves with the same velocity in both
directions, giving

tB =
1

2
(tA + tC): (2.1)

When this relationship holds we say that the clocks at the origin and at the
mirror are Einstein synchronized. Such synchronization is presupposed in the
special theory of relativity. The situation corresponding to synchronization by
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Figure 2.2: Clock synchronization by the radar method

the radar method is illustrated in Fig. 2.2.
The radar method can also be used to measure distances. The distance L

from the origin to the mirror is given by

L =
c

2
(tC ¡ tA): (2.2)

Later (Chapter 8) we shall see that when we measure distances in a gravita-
tional �eld, the results depend upon the measuring technique that is used. For
example, measurements made using the radar method differ from those made
using measuring rods.

2.3 The Doppler effect

Consider three observers (1, 2, and 3) in an inertial frame. Observers 1 and 3
are at rest, while 2 moves with constant velocity along the x-axis. The situation
is illustrated in Fig. 2.3.

Each observer is equipped with a clock. If observer 1 emits light pulses
with a constant period ¿1, then observer 2 receives them with a longer period
¿2 according to his or her1 clock. The fact that these two periods are differ-
ent is a well-known phenomenon, called the Doppler effect. The same effect is

1For simplicity we shall�without any sexist implications�follow the grammatical convention
of using masculine pronouns, instead of the more cumbersome ‘his or her’.
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Figure 2.3: The Doppler effect

observed with sound; the tone of a receding vehicle is lower than that of an
approaching one.

We are now going to deduce a relativistic expression for the Doppler effect.
Firstly, we see from Fig. 2.3 that the two periods ¿1 and ¿2 are proportional to
each other,

¿2 = K¿1: (2.3)

The constant K(v) is called Bondi’s K-factor. Since observer 3 is at rest, the
period ¿3 is equal to ¿1 so that

¿3 =
1

K
¿2: (2.4)

These two equations imply that if 2 moves away from 1, so that ¿2 > ¿1, then
¿3 < ¿2. This is because 2 moves towards 3.

The K-factor is most simply determined by placing observer 1 at the ori-
gin, while letting the clocks show t1 = t2 = 0 at the moment when 2 passes the
origin. This is done in Fig. 2.3. The light pulse emitted at the point of time tA,
is received by 2 when his clock shows ¿2 = KtA. If 2 is equipped with a mirror,
the re�ected light pulse is received by 1 at a point of time tC = K¿2 = K2tA.
According to Eq. (2.1) the re�ection-event then happens at a point of time

tB =
1

2
(tC + tA) =

1

2
(K2 + 1)tA: (2.5)

The mirror has then arrived at a distance xB from the origin, given by Eq. (2.2),

xB =
c

2
(tC ¡ tA) =

c

2
(K2 ¡ 1)tA: (2.6)

Thus, the velocity of observer 2 is

v =
xB
tB

= c
K2 ¡ 1

K2 + 1
: (2.7)

Solving this equation with respect to the K-factor we get

K =

µ
c+ v

c¡ v

¶1=2

: (2.8)
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This result is relativistically correct. The special theory of relativity was in-
cluded through the tacit assumption that the velocity of the re�ected light is c.
This is a consequence of the second postulate of special relativity; the velocity
of light is isotropic and independent of the velocity of the light source.

Since the wavelength ‚ of the light is proportional to the period ¿ , Eq. (2.3)
gives the observed wavelength ‚0 for the case when the observer moves away
from the source,

‚0 = K‚ =

µ
c+ v

c¡ v

¶1=2

‚: (2.9)

This Doppler-effect represents a red-shift of the light. If the light source moves
towards the observer, there is a corresponding blue-shift given by K¡1.

It is common to express this effect in terms of the relative change of wave-
length,

z =
‚0 ¡ ‚
‚

= K ¡ 1 (2.10)

which is positive for red-shift. If v ¿ c, Eq. (2.9) gives,

‚0

‚
= K … 1 +

v

c
(2.11)

to lowest order in v=c. The red-shift is then

z =
v

c
: (2.12)

This result is well known from non-relativistic physics.

2.4 Relativistic time-dilatation

Every periodic motion can be used as a clock. A particularly simple clock is
called the light clock. This is illustrated in Fig. 2.4.
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Figure 2.4: Light-clock

The clock consists of two parallel mirrors that re�ect a light pulse back and
forth. If the period of the clock is de�ned as the time interval between each
time the light pulse hits the lower mirror, then ¢t0 = 2L0=c.

Assume that the clock is at rest in an inertial reference frame §0 where it is
placed along the y-axis, as shown in Fig. 2.4. If this system moves along the
ct-axis with a velocity v relative to another inertial reference frame §, the light
pulse of the clock will follow a zigzag path as shown in Fig. 2.5.
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Figure 2.5: Moving light-clock

The light signal follows a different path in § than in §0. The period ¢t of
the clock as observed in § is different from the period ¢t0 which is observed
in the rest frame. The period ¢t is easily found from Fig. 2.5. Since the pulse
takes the time (1=2)¢t from the lower to the upper mirror and since the light
velocity is always the same, we �nd

µ
1

2
c¢t

¶2

= L2
0 +

µ
1

2
v¢t

¶2

(2.13)

i.e.
¢t = °

2L0

c
; ° · 1q

1¡ v2

c2

: (2.14)

The ° factor is a useful short-hand notation for a term which is often used in
relativity theory. It is commonly known as the Lorentz factor.

Since the period of the clock in its rest frame is ¢t0, we get

¢t = °¢t0: (2.15)

Thus, we have to conclude that the period of the clock when it is observed to
move (¢t) is greater that its rest-period ( ¢t0). In other words: a moving clock
goes slower than a clock at rest. This is called the relativistic time-dilatation. The
period ¢t0 of the clock as observed in its rest frame is called the proper period
of the clock. The corresponding time t0 is called the proper time of the clock.

One might be tempted to believe that this surprising consequence of the
special theory of relativity has something to do with the special type of clock
that we have employed. This is not the case. If there had existed a mechanical
clock in § that did not show the time dilatation, then an observer at rest in §
might measure his velocity by observing the different rates of his light clock
and this mechanical clock. In this way he could measure the absolute velocity
of §. This would be in con�ict with the special principle of relativity.

2.5 The relativity of simultaneity

Events that happen at the same point of time are said to be simultaneous events.
We shall now show that according to the special theory of relativity, events
that are simultaneous in one reference frame are not simultaneous in another
reference frame moving with respect to the �rst. This is what is meant by the
expression �the relativity of simultaneity�.
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Consider again two mirrors connected by a line along the x0-axis, as shown
in Fig. 2.6. Halfway between the mirrors there is a �ash-lamp emitting a spher-
ical wave front at a point of time tC .

The points at which the light front reaches the left-hand and the right-
hand mirrors are denoted by A and B, respectively. In the reference frame §0
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Figure 2.6: Simultaneous events A and B.

of Fig. 2.6 the events A and B are simultaneous.
If we describe the same course of events from another reference frame (§),

where the mirror moves with constant velocity v in the positive x-direction
we �nd the Minkowski-diagram shown in Fig. 2.7. Note that the light follows
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Figure 2.7: The simultaneous events in another frame.

world lines making an angle of 45– with the axes. This is the case in every
inertial frame.

In § the light pulse reaches the left mirror, which moves towards the light,
before it reaches the right mirror, which moves in the same direction as the
light. In this reference frame the events when the light pulses hit the mirrors
are not simultaneous.

As an example illustrating the relativity of simultaneity, Einstein imagined
that the events A, B and C happen in a train which moves past the platform
with a velocity v. The event C represents the �ash of a lamp at the mid-point
of a wagon. A and B are the events when the light is received at the back end
and at the front end of the wagon respectively. This situation is illustrated in
Fig. 2.8.
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Figure 2.8: Light �ash in a moving train.

As observed in the wagon, A and B happen simultaneously. As observed
from the platform the rear end of the wagon moves towards the light which
moves backwards, while the light moving forwards has to catch up with the
front end. Thus, as observed from the platform A will happen before B.

The time difference between A and B as observed from the platform will
now be calculated. The length of the wagon, as observed from the platform,
will be denoted by L. The time coordinate is chosen such that tC = 0. The
light moving backwards hits the rear wall at a point of time tA. During the
time tA the wall has moved a distance vtA forwards, and the light has moved
a distance ctA backwards. Since the distance between the wall and the emitter
is L=2, we get

L

2
= vtA + ctA: (2.16)

Thus

tA =
L

2(c+ v)
: (2.17)

In the same manner one �nds

tB =
L

2(c¡ v) : (2.18)

It follows that the time difference between A and B as observed from the plat-
form is

¢t = tB ¡ tA =
°2vL

c2
: (2.19)

As observed from the wagon A and B are simultaneous. As observed from
the platform the rear event A happens a time interval ¢t before the event B.
This is the relativity of simultaneity.

2.6 The Lorentz-contraction

During the �rst part of the nineteenth century the so-called luminiferous ether
was introduced into physics to account for the propagation and properties of
light. After J.C. Maxwell showed that light is electromagnetic waves the ether
was still needed as a medium in which electromagnetic waves propagated
[Ros64].

It was shown that Maxwell’s equations do not obey the principle of relativ-
ity, when coordinates are changed using the Galilean transformations. If it is
assumed that the Galilean transformations are correct, then Maxwell’s equa-
tions can only be valid in one coordinate system. This coordinate system was
the one in which the ether was at rest. Hence, Maxwell’s equations in com-
bination with the Galilean transformations implied the concept of ’absolute
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rest’. This made the measurement of the velocity of the Earth relative to the
ether of great importance.

An experiment suf�ciently accurate to measure this velocity to order v2=c2

was carried out by Michelson and Morley in 1887. A simple illustration of the
experiment is shown in Fig. 2.9.
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Figure 2.9: Length contraction

Our earlier photon clock is supplied by a mirror at a distance L along the x-
axis from the emitter. The apparatus moves in the x-direction with a velocity
v. In the rest-frame (§0) of the apparatus, the distance between A and B is
equal to the distance between A and C. This distance is denoted by L0 and is
called the rest length between A and B.

Light is emitted from A. Since the velocity of light is isotropic and the dis-
tances to B and C are equal in §0, the light re�ected from B and that re�ected
from C have the same travelling time This was the result of the Michelson�
Morley experiment, and it seems that we need no special effects such as the
Lorentz-contraction to explain the experiment.

However, before 1905 people believed in the physical reality of absolute
velocity. The Earth was considered to move though an �ether� with a velocity
that changed with the seasons. The experiment should therefore be described
under the assumption that the apparatus is moving.

Let us therefore describe a experiment from our reference frame §, which
may be thought of as at rest in the �ether�. Then according to Eq. (2.14) the
travel time of the light being re�ected at C is

¢tC = °
2L0

c
: (2.20)

For the light moving from A to B we may use Eq. (2.18), and for the light from
B to A Eq. (2.17). This gives

¢tB =
L

c¡ v +
L

c+ v
= °2

2L

c
: (2.21)

If length is independent of velocity, then L = L0. In this case the travelling
times of the light signals will be different. The travelling time difference is

¢tB ¡¢tC = °(° ¡ 1)
2L0

c
: (2.22)

To the lowest order in v=c, ° … 1 + 1
2 (v=c)

2, so that

¢tB ¡¢tC …
1

2

‡v
c

·2
: (2.23)
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which depends upon the velocity of the apparatus.
According to the ideas involving an absolute velocity of the Earth through

the ether, if one lets the light re�ected at B interfere with the light re�ected
at C (at the position A) then the interference pattern should vary with the
season. This was not observed. On the contrary, observations showed that
¢tB = ¢tC .

Assuming that length varies with velocity, Eqs. (2.20) and (2.21), together
with this observation, gives

L = °¡1L0: (2.24)

The result that L < L0 (i.e. the length of a rod is less when it moves than when
it is at rest) is called the Lorentz-contraction.

2.7 The Lorentz transformation

An event P has coordinates (t0; x0; 0; 0) in a Cartesian coordinate system asso-
ciated with a reference frame §0. Thus the distance from the origin of §0 to
P measured with a measuring rod at rest in §0 is x0. If the distance between
the origin of §0 and the position at the x-axis where P took place is measured
with measuring rods at rest in a reference frame moving with velocity v in the
x-direction relative to §0, one �nds the length °¡1x due to the Lorentz con-
traction. Assuming that the origin of § and §0 coincided at the point of time
t = 0, the origin of §0 has an x-coordinate vt at a point of time t. The event P
thus has an x-coordinate

x = vt+ °¡1x0 (2.25)

or
x0 = °(x¡ vt): (2.26)

The x-coordinate may be expressed in terms of t0 and x0 by letting v ! ¡v,

x = °(x0 + vt0): (2.27)

The y and z coordinates are associated with axes directed perpendicular to
the direction of motion. Therefore, they are the same in the two coordinate
systems

y = y0 and z = z0: (2.28)

Substituting x0 from Eq. (2.26) into Eq. (2.27) reveals the connection between
the time coordinates of the two coordinate systems,

t0 = °
‡
t¡ vx

c2

·
(2.29)

and

t = °

µ
t0 +

vx0

c2

¶
: (2.30)

The latter term in this equation is nothing but the deviation from simultaneity
in § for two events that are simultaneous in §0.

The relations (2.27)�(2.30) between the coordinates of § and §0 represent a
special case of the Lorentz transformations. The above relations are special since
the two coordinate systems have the same spatial orientation, and the x and




